PYMBLE LADIES’ COLLEGE
YEAR 12

4 UNIT MATHEMATICS

TRIAL HIGHER SCHOOL CERTIFICATE

Time Allowed: 3 HOURS AUGUST,1999

{Plus 5 minutes’ reading time)

DIRECTIONS TO CANDIDATES

Attempt ALL questions.

ALL questions are of equal value.

All necessary working should be shown in each question.
Standard integrals are attached.

Board approved calculators may be used.

Start each question on a new page.

There are eight (8) questions

QUESTION 1.

(a)
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Find dx
Il+x‘

Find Isin'x dx

e-—lx
Find ek

. ¢ dx
Given that L m =ln(n+\/5), find the values of ¢ and b where
aand b are rational,
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e74
Evaluate I coslogx dx
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JUESTION 2. Start 2 new page

Point P as shown represents the complex number 2.

Copy the diagram onto your papes, and indicate on the diagram
. . i

(i}  the point Q which represents P y

(i) the point R which indicates V7. /‘_

oF

Sketch the locus of the point z such that £z 24 sad 2S 24z <4.

z_—_% is a real pumbes.

Find the equation of the locus of z such that
Sketch this locus.

If z is any complex number such that | z| =1, show using an Argand diagrsm o¢
otherwise that -% Sag(z+2) < %
Write down the greatest and least values of | z + 2.

By using de Moivre’s theorem or otherwise find the three cuie roots of 277,
giving your answer in the form a + ib.

UESTION 3. Start a new page
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Twe circles intersect at A and B as shown, such that the smaller circle passes
through the centre O of the lasger circle.

The tangent XA to the smafler circle at A cuts the largercircle 22 T

Show that A ABT is isosceles.

@) Solve xz+6x+!3=0.givingymmminﬂ:eforma+ib.

(i)  Thepolynomial P(x)=x% +2x% ~6x2-22x+65 hasone
zero 244,
Factorise P(x) (a)  as a pair of quadratic factors
{B)  as linear factors over the complex field.

The circle xz+yz+2gx+215v+h=0 cuts the rectangular hyperbola
x=ct, y=§ in four distinct points P,Q,R and S.
Show that the parameters at these four points are the roots of the equation

2t +2ge + w4 2fer 422 =00,
If the midpoint of the chord joining two of these points is the centre of the

circle, show that the midpoint of the chord joining the other two points is
the origin.




QUESTION 4. Start a new page
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An ellipse has equation v +? =1.

0] Find the eccentricity of the ellipse.

(i)  Show that the chord of contact from any point on the directrix passes
through the focus.

2

2
(Use the fact that the equation of a chord of contact to 57 + 7‘:'7 =1 from
a

the point (x,,y,) is -’%"-4-%:1)
a

Thecurve f(x) =x’+b (x20) anditsinverse y = S (x) are tangential to each

other.

Find the coordinates of the point of contact and the value of b for this to occur.

A triangular pyramid has three mutually perpendicular faces
and three mutually perpendicular edges of length2, 3 and 4 cm.

By slicing parallel to the base and summing
such slices, calculate the volume of the pyramid.

@

The diagram shows part of the graph of the
function y = f(x) which has point symmetry
about the point (2,0).

Draw a separate sketch over the domain
0 < x <4 for each of the following,

0] y=Jx-0

(i) [7]= f(x)
1

(iii) = 7o

() r=[ f@a

-5




UESTION S, S
JUEST] tart & new page U ON §. Start a new page

¢ (@) Pisthe acutc angle between the asymptotes of the hyperbola
2 2

) i, @ andw’ are the cube roots of 1. | x
Show that (1 + @) is a root of the equation P(z) = 2’ ~322 43z -2 = 0, P :—, =1 (a>8) with eccentricity e.
(i) Find the rational root of P(z) = 0 and hence find the third root in terms : B
I Show that e =secZ .

of .

(if)  Draw the circle which passes through these three roots and write down its !
equation in the form |z-a|=5.

(b)  Find the equation of the tangent and the normal to the curve w=c?
at the point T(cl,lf) (t=1).

) Aloop has equation 4y? = x(x - 3)%., 9

(i) Use implicit differentiation to find the turning points of the curve. This tangent cuts the x-axis ag X and the y-axis at Y,

(You do not need to test for the nature of the turning points) The normal cuts y = x at L and y=-x atM.
(i)  Find where the tangents to the curve at x =1 cross the curve again. Show that LXMY is a rhombus,
@i} Sketch the curve, showing its essential features and indicating clearly
its behaviour in the vicinity of the origin.
(iv)  Find the area of the loop in the form ay3. .
() The function f(r) is defined as S(x) =sin(2x +1) + sin(2x - 3)

Find the maximum and minimum valucs of S(x) over the

domain --’zi <x s%, and the values of x for which these occur,




QUESTION 7. Start a new page
()  Theequation x’+3x~5=0 has roots @, 5,and y,
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Write down the equation with roots @8, Sy and ya.

A particle of unit mass moves in a straight line so that at time ¢
its displacement from & fixed origin is x m and its speed is v m/sec.

The acceleration of the particle has magnitude 4 —v? m/sec?.

@) Given that initially v=0 and x = 0 find an expression for
v in terms of +.

(i)  Find also an expression for x in terms of v and discuss
whether the particic again comes to rest, if so where, and if not
describe what does happen.

In a circle of radius d cm a square is inscribed. In the square
a second circle is inscribed and in this a second square as shown.

The process is repeated until there are n squares,

Find a sequence which gives the perimeters of the squares and
write down the perimeter of the rth square in simplified form.

Calculate the greatest value of » such that the perimeter is more
than 10% of the original radius,

QUESTION 8.

(a)

®)

©

Start a new page

Write down, without proof, the value of

@ lim 1087
n—ro B

(i) lim ne”
Ay

Gi)  lim [x +1)”

n-Ppcd [

Show that for n>0
tan " (n+ 1)~ tan ™ (m) = cot (2 + 4 n.

Hence find the exact value of the sum

cot™ ecot 3 4cot 74 +cot™!31

Certain functions may be expressed as an infinite series called Taylor’s
Series by using the equation

Use this equation to find the Taylor Series for the functions
®  f()=sinx
@) f(x)=cosx

(@) Sx)=ef

Using these series, can you find 2 relationship between these three
given functions?

Write down the value of /% .

END OF PAPER



STANDARD INTEGRALS
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